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We study how the initial deformation of a nematic liquid crystal affects the
interaction between particles mediated by the elastic deformation of a nematic
liquid crystal. We calculate the interaction energy between particles in a hy-
brid nematic cell, homeotropic on the surface of one confining plate and tan-
gential (director can rotate freely) on the other. We find an analytic form of
the interaction energy in the case of weak anchoring on the surface of the
particle. This interaction energy can be non-monotonic and have a minimum
i its landscape, which makes a clear contrast to that in a uniform nematic
liquid crystal.
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INTRODUCTION

Much attention has been paid to colloidal systems and emulsions in funda-
mental science as well as in technology. Of much interest is how constitu-
ent particles or droplets in such systems interact with each other and
what kind of structures and phases will be observed by controlling these
interactions.

Recently, colloidal suspensions and emulsions with anisotropic host
fluids like liquid crystals have attracted a great deal of interest as a new
class of composite materials [1-3]. One of the interesting and important
properties of liquid crystal emulsions and colloids is that the particles
can interact via the elastic deformation of liquid crystals arising from the
surface anchoring of the particles. This novel elasticity-mediated interac-
tion has proven to play a crucial role in yielding a wide variety of super-
structures that have not been observed in conventional colloidal systems.
Striking examples of such superstructures experimentally observed include
a linear-chain superstructure [2,4-6] and anisotropic clusters [1,7]. Periodic
lattices originating purely from this interaction have also been reported [8].
The understanding of the elasticity-mediated interaction is therefore quite
important to predict essential properties and behaviors of superstructures
in liquid crystal colloids and emulsions.

There have been several theoretical attempts to evaluate this elasticity-
mediated interaction [9,10] and recently, one of the present authors
(B.ILL.) has developed a theoretical scheme of calculating the interaction
potential [11]. This scheme has proved to be quite useful because it can
be applied to general cases without assuming high symmetry of the parti-
cles. Moreover, it can be extended to a case of a non-uniform liquid crystal
like a cholesteric [12]. In our previous study [13] we calculated the particle
interaction energy in a hybrid nematic cell, where one boundary imposes
strong homeotropic anchoring and on the other boundary the nematic
orientation is fixed along a direction parallel to the boundary. It was
motivated by a recent experiment [8] showing the formation of a two-
dimensional crystal structure by glycerol droplets dispersed in a nematic
liquid crystal. In this experiment, the liquid crystal faces with the air at
the upper boundary, which leads to the homeotropic orientation there.
On the other hand, liquid crystal molecules tend to align parallel to the
lower boundary. Our previous calculations showed that the interaction
energy landscape is far more complex than that in a uniform nematic,
which might lead to rich and non-trivial structure formation. However,
our theoretical setup was different from that in the experiment [8] in
that liquid crystal orientation on the lower boundary is fixed in our calcu-
lation. In this article we will present the calculation of elasticity-mediated
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interaction energy in a setup similar to the experiment, that is, strong
homeotropic anchoring is imposed on one boundary and on the other
boundary tangential anchoring without any preference for inplane orien-
tation is assumed.

CALCULATION OF THE INTERACTION POTENTIAL

Formulation of the Problem

We consider a nematic liquid crystal confined between two parallel plates
with the distance d as depicted in Figure 1. We set the z-axis perpendicular
to the plates and we set the origin so that the two plates are located at
2 = 0 and d. We impose strong homeotropic alignment at 2 = d and tangen-
tial boundary condition at 2 = 0 without any preference for the in-plane
orientation. This geometrical setup is similar to that in the experiment
by Nazarenko et al. [8]. For simplicity we assume one-constant approxi-
mation in the Frank elastic energy. When we take the x-axis parallel to
the direction of nematic orientation at £ = 0, it is easy to show that the
ground state of the director field is
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FIGURE 1 Illustration of the geometry of our system.
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n%(2) = (cos qoz, 0,sin go2), (1)

with qo = n/2d. To describe the deformation of the director field with
respect to the ground state, we introduce the deformation fields w(r)
and v(r) and the director field n(r) can be written as

n(r) = (cos(qoz + u(r)) cosv(r),sinv(r),sin(qoz + u(r)) cosv(r)). (2)
The bulk Frank elastic energy in the one-constant approximation can be
written as [14]

d

Fy = %K / 2, / A {(V -m)? + (V x m)?}, (3)
0

with K being the elastic constant and r; = («, y). We substitute Eq. (2)
into Eq. (3) to describe the elastic energy in terms of the deformation fields
u and v. Throughout this argument we restrict ourselves to the case of
small deformations and we retain up to second order terms in v and v as
in our previous study [11,12]. After some calculations, we arrive at

d

Py = %K / 2, / de{(Vu)? + (Vo)? — giv?). (4)
0

Here we introduce the Fourier transform, taking the boundary condi-
tions at 2 =0 and d into account (u =v =0 at 2 =d and u = 9 /Jz =
0atz=0),as

d
u(q,,2mqo) = /dzu/dze’i‘““ sin 2mqoz u (r), (5)
0

d
v(g,,(2m —1)q) = /dzrl / dze "+ sin(2m — 1)qozv(r),  (6)

0
with m being a positive integer. Then from Eq. (4), () and (6), we have

11 2
F,=-K d*q, =
b p) (27‘[)2/ q. dz

m=1

< { (¢ + @ma0))ulq . 2mao)u(—q, . 2man) G
+ (4% + ((2m — 1)* = 1)qg)

XU(qJJ (27’)’& - 1)@0)”(—‘&7 (27’7& - 1)Q0)}'



Downloaded by [University of California, San Diego] at 10:39 11 August 2012

Interaction of Particles in a Deformed LC 215/[2351]

Next we consider how particles introduced in our system deform
the director field. We write the surface energy on the particles in the
Rapini-Papoular form [15] as Fis =}, pr d?SW (s)(v(s) - n(s))2. Here p is
the index labeling the particles and the surface of the particle p is denoted
by Q,. The integral is taken over Q, and d2S is the surface element. The
anchoring strength is given by W(s) and v(s) is the unit normal to the
surface at the point s. In the case of homeotropic anchoring, W(s) <0
and vice versa for planar anchoring. We restrict ourselves to the case of
weak anchoring (|W|ro/K < 1, where 7, is the characteristic dimension
of the particles) so that the director field is only slightly deformed by
the particles from its ground state (Eq. (1)).

In dealing with the surface energy, we make a gradient expansion of the
director field n(s) around the center of gravity of the particle p, which we
will denote by r(?). We can formally write the director field as n = n(”) + dn,
with n(*) being the initial director field in the absence of particles defined in
Eq. (1). After some calculations, we find (v(s) - n(s))* ~ AL ((1/2)n\" (+)

n® >(r<p)) +n( )( )6%;( )) for the pth particle. Here we have deﬁned
the operator AD) — o0) +ﬁm Jol”) +y£f,2[8< >8](p) with 8(]0 8/87" and

O‘/c/ , /SM and yijk)l are the tensors characterizing the geometry of the partl—

cles defined in [11]. Noticing that dn(r®)) ~ (—u(r")) sin qor? ), v(r®),
u(r(p))cosqovﬂép)) (from Eq. (2)) and using Eq. (1), we obtain the
resultant form of the surface energy as

=g AL (! ()l ()
+;{% (Aé? —A§2§)) (u (r(p>) sin2qorg’)>
+ AP (u (r(p)> COSZqOTgp))

—|—A§§) ( ( (v )) cosqor! )—i—A ( (r<p>) sinqorg’))}. (8)

In this article we discuss only the case of spherical particles. Then we find
from Ref. [11] that

1 , , o,
5 (A2 —AD) =T (09 - @), A =200 (i £5).  (9)

where I' = 4nWr§ /15 with 7 being the radius of the particle.
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Interaction Energy

Now we proceed to the calculation of the elasticity-mediated interaction
energy. The total energy of the system is the sum of the bulk energy F}
(Eq. (4)) and the surface energy Fs (Eq. (8)). The orientation profile that
minimizes the total energy (%min,?Vmin) is determined by the conditions
O(Fy+Fy) [0ulg1,2ma0), 0 = 0o +F5) /00(4,(2m = 1)a0) 0,
Substituting the profile (tmin,min) and picking up the terms taking care
of the interaction between the particles as in [11,13], we can write the
interaction energy U, as

/ 1 1 2
Upp’("(p)a"(m):_I_{(Zn)z/dz‘h'az
m=1

1
XN
g4 +(2mqo)

ng(lp,)e*i’lﬂfpl)

x sin 2mqor® sin 2mqor®)
1
g7 +(@2m—1)"~1)g

(vp')

DD e

+

x cos(2m — 1)qor®) cos(2m — 1)6107”?[)1 . (10)

where ¥??) =¢?) — ") and we have defined the operators
1 .
PPy (,(p)) =5 ( AP A%)) (Q (,(p)) sin zqoyépg
+ A (g (r<p)> Cos ZQQVép)), (11)

Dép)g (r<p>> :Agy (g (r<p>> cos qmﬂgp)) +A<;;> (g (r<p)) sin qo@p)), (12)

with g being an arbitary function. After some calculations similar to those in
[13], we obtain

Uy (19,5 = —ﬁ DD 1y (42,7 ")

)
DD (i (P —2)

s (110 00)) ], (13)

where rP) =®) _ ") ang
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e =——t Y : 1 !
16, (>
&4y \/52 +(n- 2md \/éz +(n +2md) md
(14)
cos <QO 52+n2) = cos (qo\/ & + (n—2md)”
2(&,m) Z )" ; ( ")
&4y =1 &+ (n—2md)’

cos (qo\/ & + (n+ Zmd)z) 1

&+ (n+2md)*

+

md
(16)

We note that ho(¢,7) is associated with the variable v and its oscillating nat-
ure may be attributed to the presence of negative contribution —q%vz in the
free energy (4). This negative contribution reflects the fact that the
initial deformed state is not a ground state and stabilized by the imposed
boundary conditions.

DISCUSSION

Since the resultant form the interaction energy (13) is still complicated, we
present the form of the interaction energy obtained numerically for one
specific case where ré - 7"( ) and the particles are close to the upper con-
fining plate imposing homeotropic anchoring. This situation closely resem-
bles that in the experiments of Ref. [8]. We note that the numerical results
presented below have been obtained with the aid of Maple™ 6.01.

In Figure 2 we plot the reduced interaction energy U oy = = 4nKd°U op' r’
as a function of the inter-particle distance 7 in the case of g’ = re )= 0.9d
and 0.8d. We let ¢ denote the angle between the x-axis and r( ) and the
curves in Figure 2 are plotted for fixed ¢’s as functions of reduced inter-
particle distance r/d = |r | /d. We find from Figure 2 that U,, has its
minimum for ¢ smaller than some threshold value (~45°) and purely repul-
sive otherwise. For » — 0, the interaction is repulsive for all cases. When
the interaction potential has its minimum, the minimum position » becomes
smaller and the absolute value of the minimum energy becomes larger for
smaller ¢ and 7”( 2 . These energy landscape indicate that two particles tend
to align parallel to the x-axis (the direction of the planar orientation on the
lower boundary) while keeping some finite distance. We also note that
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FIGURE 2 Reduced pairwise interaction energy U,, = 4nKd’U,,/T? as a
function of reduced particle distance r/d = [r?”'|/d for (a) 7" =) = 0.9d and
() 7" = »{#) = 0.8d. The curves correspond to ¢ = 0°, 15°, 30°, 45°, 60° and 90°

from bottom to top, where ¢ is the angle between r(f ”) and the z-axis.
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these results are qualitatively similar to those in our previous study [13],
where we dealt with a case of fixed director orientation on one confining
plate with planar anchoring. However, for rép ) =09 quantitative difference
in striking because in the latter case the minimum value of U, is approxi-
mately ~—0.5 and the interaction is purely repulsive for ¢ that is as small
as 30° [13].

CONCLUSION

In this article we have calculated the liquid-crystal-mediated interaction
energy between spherical particles immersed in a hybrid nematic cell.
The boundary conditions of the hybrid nematic cell are strong homeotropic
anchoring on the surface of one confining plate and tangential anchoring
without any preference for the in-plane orientation on the other. We have
given an analytic form of the interaction energy in the case of weak anchor-
ing on the surface of the particles. The resultant form of the interaction
energy is much more complex than that in the case of a uniform nematic,
which reflects the presence of the initial deformed structure of nematic
liquid crystal due to the boundary conditions.

By evaluating the interaction energy numerically, we have presented the
energy landscape in a case similar to a recent experiment by Nazarenko
et al. where two particles are close to one confining plate imposing strong
homeotropic anchoring. From this energy landscape we propose a possi-
bility of forming a new type of chain-like structures whose inter-particle
distance depends on the distance between a particle and a confining sur-
face as well as that between two confining surfaces. Strong quantitative dif-
ference are found from our previous study where in plane orientation was
fixed on the surface with planar anchoring. In a future article we will give a
detailed argument on the interaction energy landscape in different cases
and the difference arising form the boundary condition.
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