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We study how the initial deformation of a nematic liquid crystal affects the

interaction between particles mediated by the elastic deformation of a nematic

liquid crystal. We calculate the interaction energy between particles in a hy-

brid nematic cell, homeotropic on the surface of one confining plate and tan-

gential (director can rotate freely) on the other. We find an analytic form of

the interaction energy in the case of weak anchoring on the surface of the

particle. This interaction energy can be non-monotonic and have a minimum

in its landscape, which makes a clear contrast to that in a uniform nematic

liquid crystal.
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INTRODUCTION

Much attention has been paid to colloidal systems and emulsions in funda-
mental science as well as in technology. Of much interest is how constitu-
ent particles or droplets in such systems interact with each other and
what kind of structures and phases will be observed by controlling these
interactions.

Recently, colloidal suspensions and emulsions with anisotropic host
fluids like liquid crystals have attracted a great deal of interest as a new
class of composite materials [1–3]. One of the interesting and important
properties of liquid crystal emulsions and colloids is that the particles
can interact via the elastic deformation of liquid crystals arising from the
surface anchoring of the particles. This novel elasticity-mediated interac-
tion has proven to play a crucial role in yielding a wide variety of super-
structures that have not been observed in conventional colloidal systems.
Striking examples of such superstructures experimentally observed include
a linear-chain superstructure [2,4–6] and anisotropic clusters [1,7]. Periodic
lattices originating purely from this interaction have also been reported [8].
The understanding of the elasticity-mediated interaction is therefore quite
important to predict essential properties and behaviors of superstructures
in liquid crystal colloids and emulsions.

There have been several theoretical attempts to evaluate this elasticity-
mediated interaction [9,10] and recently, one of the present authors
( B.I.L.) has developed a theoretical scheme of calculating the interaction
potential [11]. This scheme has proved to be quite useful because it can
be applied to general cases without assuming high symmetry of the parti-
cles. Moreover, it can be extended to a case of a non-uniform liquid crystal
like a cholesteric [12]. In our previous study [13] we calculated the particle
interaction energy in a hybrid nematic cell, where one boundary imposes
strong homeotropic anchoring and on the other boundary the nematic
orientation is fixed along a direction parallel to the boundary. It was
motivated by a recent experiment [8] showing the formation of a two-
dimensional crystal structure by glycerol droplets dispersed in a nematic
liquid crystal. In this experiment, the liquid crystal faces with the air at
the upper boundary, which leads to the homeotropic orientation there.
On the other hand, liquid crystal molecules tend to align parallel to the
lower boundary. Our previous calculations showed that the interaction
energy landscape is far more complex than that in a uniform nematic,
which might lead to rich and non-trivial structure formation. However,
our theoretical setup was different from that in the experiment [8] in
that liquid crystal orientation on the lower boundary is fixed in our calcu-
lation. In this article we will present the calculation of elasticity-mediated

212=[2348] J. Fukuda et al.
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interaction energy in a setup similar to the experiment, that is, strong
homeotropic anchoring is imposed on one boundary and on the other
boundary tangential anchoring without any preference for inplane orien-
tation is assumed.

CALCULATION OF THE INTERACTION POTENTIAL

Formulation of the Problem

We consider a nematic liquid crystal confined between two parallel plates
with the distance d as depicted in Figure 1. We set the z-axis perpendicular
to the plates and we set the origin so that the two plates are located at
z ¼ 0 and d. We impose strong homeotropic alignment at z ¼ d and tangen-
tial boundary condition at z ¼ 0 without any preference for the in-plane
orientation. This geometrical setup is similar to that in the experiment
by Nazarenko et al. [8]. For simplicity we assume one-constant approxi-
mation in the Frank elastic energy. When we take the x-axis parallel to
the direction of nematic orientation at z ¼ 0, it is easy to show that the
ground state of the director field is

FIGURE 1 Illustration of the geometry of our system.
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nð0ÞðzÞ ¼ ðcos q0z; 0; sin q0zÞ; ð1Þ

with q0 � p=2d. To describe the deformation of the director field with
respect to the ground state, we introduce the deformation fields u(r)
and v(r) and the director field n(r) can be written as

nðrÞ ¼ ðcosðq0zþ uðrÞÞ cos vðrÞ; sin vðrÞ; sinðq0zþ uðrÞÞ cos vðrÞÞ: ð2Þ

The bulk Frank elastic energy in the one-constant approximation can be
written as [14]

Fb ¼
1

2
K

Z
d2r?

Zd
0

dzfðr � nÞ2 þ ðr � nÞ2g; ð3Þ

with K being the elastic constant and r? ¼ (x, y). We substitute Eq. (2)
into Eq. (3) to describe the elastic energy in terms of the deformation fields
u and v. Throughout this argument we restrict ourselves to the case of
small deformations and we retain up to second order terms in u and v as
in our previous study [11,12]. After some calculations, we arrive at

Fb ¼
1

2
K

Z
d2r?

Zd
0

dzfðruÞ2 þ ðrvÞ2 � q20v
2g: ð4Þ

Here we introduce the Fourier transform, taking the boundary condi-
tions at z ¼ 0 and d into account (u ¼ v ¼ 0 at z ¼ d and u ¼ @v=@z ¼
0 at z ¼ 0Þ, as

uðq?; 2mq0Þ ¼
Z

d2r?

Zd
0

dze�iq?�r? sin 2mq0zu ðrÞ; ð5Þ

vðq?; ð2m� 1Þq0Þ ¼
Z

d2r?

Zd
0

dze�iq?�r? sinð2m� 1Þq0z vðrÞ; ð6Þ

with m being a positive integer. Then from Eq. (4), (5) and (6), we have

Fb ¼
1

2
K

1

ð2pÞ2
Z

d2q? � 2
d

X1
m¼1

� ðq2? þ ð2mq0Þ2Þuðq?; 2mq0Þuð�q?; 2mq0Þ
n

þ ðq2? þ ðð2m� 1Þ2 � 1Þq20Þ

�vðq?; ð2m� 1Þq0Þvð�q?; ð2m� 1Þq0Þ
o
:

ð7Þ

214=[2350] J. Fukuda et al.
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Next we consider how particles introduced in our system deform
the director field. We write the surface energy on the particles in the
Rapini-Papoular form [15] as Fs ¼

P
p

H
Xp

d2SWðsÞ(m(sÞ � nðsÞÞ2. Here p is
the index labeling the particles and the surface of the particle p is denoted
by Xp. The integral is taken over Xp and d2S is the surface element. The
anchoring strength is given by WðsÞ and mðsÞ is the unit normal to the
surface at the point s. In the case of homeotropic anchoring, WðsÞ < 0
and vice versa for planar anchoring. We restrict ourselves to the case of
weak anchoring ðjWjr0=K << 1, where r0 is the characteristic dimension
of the particles) so that the director field is only slightly deformed by
the particles from its ground state (Eq. (1)).

In dealing with the surface energy, we make a gradient expansion of the
director field n(s) around the center of gravity of the particle p, which we
will denote by rðpÞ. We can formally write the director field as n ¼ nð0Þ þ dn,
with nð0Þ being the initial director field in the absence of particles defined in

Eq. (1). After some calculations, we find (mðsÞ � nðsÞÞ2 ’ AðpÞ
kl ðð1=2Þn

ð0Þ
k ðrðpÞÞ

n
ð0Þ
l ðrðpÞÞþn

ð0Þ
k ðrðpÞÞdnlðrðpÞÞ), for the pth particle. Here we have defined

the operator AðpÞ
kl ¼ aðpÞkl þbðpÞjkl @

ðpÞ
j þ cðpÞijkl@

ðpÞ
i @

ðpÞ
j with @

ðpÞ
j � @=@r

ðpÞ
j , and

aðpÞkl ;b
ðpÞ
jkl

and cðpÞ
ijkl

are the tensors characterizing the geometry of the parti-

cles defined in [11]. Noticing that dnðrðpÞÞ ’ ð�uðrðPÞÞ sin q0r
ðpÞ
z ; vðrðpÞÞ,

uðrðpÞÞcosq0rðpÞz Þ (from Eq. (2)) and using Eq. (1), we obtain the
resultant form of the surface energy as

Fs¼
1

2

X
p

AðpÞ
kl n

ð0Þ
k rðpÞ

� �
n
ð0Þ
l rðpÞ

� �� �

þ
X
p

1

2
AðpÞ

zz �AðpÞ
xx

� �
u rðpÞ
� �

sin2q0r
ðpÞ
z

� ��

þAðpÞ
xz u rðpÞ

� �
cos2q0r

ðpÞ
z

� �

þAðpÞ
xy v rðpÞ

� �
cosq0r

ðpÞ
z

� �
þAðpÞ

yz v rðpÞ
� �

sinq0r
ðpÞ
z

� ��
: ð8Þ

In this article we discuss only the case of spherical particles. Then we find
from Ref. [11] that

1

2
AðpÞ

zz �AðpÞ
xx

� �
¼ C ð@ðpÞ

z Þ2 � ð@ðpÞ
x Þ2

� �
; AðpÞ

ij ¼ 2C@ðpÞ
i @

ðpÞ
j ði 6¼ jÞ; ð9Þ

where C � 4pWr40=15 with r0 being the radius of the particle.

Interaction of Particles in a Deformed LC 215=[2351]
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Interaction Energy

Now we proceed to the calculation of the elasticity-mediated interaction
energy. The total energy of the system is the sum of the bulk energy Fb

(Eq. (4)) and the surface energy Fs (Eq. (8)). The orientation profile that
minimizes the total energy ðumin; vminÞ is determined by the conditions
dðFbþFsÞ=duðq?;2mq0Þjumin;vmin

¼ dðFbþFsÞ=dvðq?;ð2m�1Þq0Þjumin;vmin
¼ 0.

Substituting the profile ðumin;vminÞ and picking up the terms taking care
of the interaction between the particles as in [11,13], we can write the
interaction energy Upp0 as

Upp0 ðrðpÞ;rðp0ÞÞ¼� 1

K

1

ð2pÞ2
Z

d2q? � 2
d

X1
m¼1

� 1

q2?þð2mq0Þ2
DðpÞ

1 Dðp0Þ
1 e�iq?�r

ðpp0 Þ
?

"

� sin 2mq0r
ðpÞ
z sin 2mq0r

ðp0Þ
z

þ 1

q2?þðð2m�1Þ2�1Þq20
DðpÞ

2 Dðp0Þ
2 e�iq?�r

ðpp0 Þ
?

�cosð2m�1Þq0rðpÞz cosð2m�1Þq0rðp
0Þ

z

#
: ð10Þ

where r
ðpp0Þ
? � r

ðpÞ
? � r

ðp0Þ
? and we have defined the operators

DðpÞ
1 g rðpÞ

� �
¼1

2
AðpÞ

zz �AðpÞ
xx

� �
g rðpÞ
� �

sin 2q0r
ðpÞ
z

� �
þAðpÞ

xz g rðpÞ
� �

cos 2q0r
ðpÞ
z

� �
; ð11Þ

DðpÞ
2 g rðpÞ

� �
¼AðpÞ

xy g rðpÞ
� �

cos q0r
ðpÞ
z

� �
þAðpÞ

yz g rðpÞ
� �

sin q0r
ðpÞ
z

� �
; ð12Þ

with g being an arbitary function. After some calculations similar to those in
[13], we obtain

Upp0 rðpÞ;rðp
0Þ

� �
¼� 1

4pK
DðpÞ

1 Dðp0Þ
1 h1 jrðpp

0Þ
? j;rðpÞz �rðp

0Þ
z

� ��h
�h1 jrðpp

0Þ
? j;rðpÞz þrðp

0Þ
z

� ��
þDðpÞ

2 Dðp0Þ
2 h2 jrðpp

0Þ
? j;rðpÞz �rðp

0Þ
z

� ��
þh2 jrðpp

0Þ
? j;rðpÞz þrðp

0Þ
z

� ��i
; ð13Þ

where r
ðpp0Þ
? ¼ r

ðpÞ
? � r

ðp?Þ
? and

216=[2352] J. Fukuda et al.
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h1ðn;gÞ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2þg2
q þ

X1
m¼1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2þðg�2mdÞ2

q
8><
>: þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2þðgþ2mdÞ2
q � 1

md

9>=
>;;

ð14Þ

h2ðn;gÞ¼
cos q0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2þg2

q� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2þg2

q þ
X1
m¼1

ð�1Þm
cos ðq0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2þðg�2mdÞ2

q
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2þðg�2mdÞ2
q

8><
>:

2
64

þ
cos ðq0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2þðgþ2mdÞ2

q
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2þðgþ2mdÞ2
q

9>=
>;� 1

md

3
75:

ð15Þ

We note that h2ðn;gÞ is associated with the variable v and its oscillating nat-
ure may be attributed to the presence of negative contribution �q20v

2 in the
free energy (4). This negative contribution reflects the fact that the
initial deformed state is not a ground state and stabilized by the imposed
boundary conditions.

DISCUSSION

Since the resultant form the interaction energy (13) is still complicated, we
present the form of the interaction energy obtained numerically for one
specific case where r

ðpÞ
z ¼ r

ðp0Þ
z and the particles are close to the upper con-

fining plate imposing homeotropic anchoring. This situation closely resem-
bles that in the experiments of Ref. [8]. We note that the numerical results
presented below have been obtained with the aid of MapleTM 6.01.

In Figure 2 we plot the reduced interaction energy �UUpp0 � 4pKd5Upp0=C2

as a function of the inter-particle distance r in the case of r
ðpÞ
z ¼ r

ðp0Þ
z ¼ 0:9d

and 0.8d. We let / denote the angle between the x-axis and r
ðpp0Þ
? and the

curves in Figure 2 are plotted for fixed /’s as functions of reduced inter-
particle distance r=d ¼ jrðpp

0Þ
? j=d. We find from Figure 2 that Upp0 has its

minimum for / smaller than some threshold value (’45�) and purely repul-
sive otherwise. For r ! 0, the interaction is repulsive for all cases. When
the interaction potential has its minimum, the minimum position r becomes
smaller and the absolute value of the minimum energy becomes larger for
smaller / and r

ðpÞ
z . These energy landscape indicate that two particles tend

to align parallel to the x-axis (the direction of the planar orientation on the
lower boundary) while keeping some finite distance. We also note that

Interaction of Particles in a Deformed LC 217=[2353]
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FIGURE 2 Reduced pairwise interaction energy Upp0 � 4pKd5Upp0=C2 as a

function of reduced particle distance r=d ¼ jrpp0

? j=d for (a) r
ðpÞ
z ¼ r

ðp0Þ
z ¼ 0:9d and

(b) r
ðpÞ
z ¼ r

ðp0Þ
z ¼ 0:8d. The curves correspond to / ¼ 0�, 15�, 30�, 45�, 60� and 90�

from bottom to top, where / is the angle between r
ðpp0 Þ
? and the x-axis.

218=[2354] J. Fukuda et al.
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these results are qualitatively similar to those in our previous study [13],
where we dealt with a case of fixed director orientation on one confining
plate with planar anchoring. However, for r

ðpÞ
z ¼ 0:9 quantitative difference

in striking because in the latter case the minimum value of �UUpp0 is approxi-
mately ��0.5 and the interaction is purely repulsive for / that is as small
as 30� [13].

CONCLUSION

In this article we have calculated the liquid-crystal-mediated interaction
energy between spherical particles immersed in a hybrid nematic cell.
The boundary conditions of the hybrid nematic cell are strong homeotropic
anchoring on the surface of one confining plate and tangential anchoring
without any preference for the in-plane orientation on the other. We have
given an analytic form of the interaction energy in the case of weak anchor-
ing on the surface of the particles. The resultant form of the interaction
energy is much more complex than that in the case of a uniform nematic,
which reflects the presence of the initial deformed structure of nematic
liquid crystal due to the boundary conditions.

By evaluating the interaction energy numerically, we have presented the
energy landscape in a case similar to a recent experiment by Nazarenko
et al. where two particles are close to one confining plate imposing strong
homeotropic anchoring. From this energy landscape we propose a possi-
bility of forming a new type of chain-like structures whose inter-particle
distance depends on the distance between a particle and a confining sur-
face as well as that between two confining surfaces. Strong quantitative dif-
ference are found from our previous study where in plane orientation was
fixed on the surface with planar anchoring. In a future article we will give a
detailed argument on the interaction energy landscape in different cases
and the difference arising form the boundary condition.
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